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Abstract 

Two spectral triples are introduced for a class of fractals in R . 

The definitions of noncommutative Hausdorff dimension and noncom- 
mutative tangential dimensions, as well as the corresponding Hausdorff 
and Hausdorff-Besicovitch functionals considered in [7], are studied for 
the mentioned fractals endowed with these spectral triples, showing in 
many cases their correspondence with classical objects. In particular, for 
any limit fractal, the Hausdorff-Besicovitch functionals do not depend on 
the generalized limit ui. 

Introduction. 

In this paper we extend the analysis we made in [7] to fractals in R , more pre- 
cisely we define spectral triples for a class of fractals and compare the classical 
measures, dimensions and metrics with the measures, dimensions and metrics 
obtained from the spectral triple, in the framework of A. Connes' noncommu- 
tative geometry [2]. 

The class of fractals we consider is the class of limit fractals, namely fractals 
which can be defined as Hausdorff limits of sequences of compact sets obtained 
via sequences of contraction maps. This class contains the self-similar fractals 
and is contained in the wider class of random fractals [12]. On any limit frac- 
tal, the described limit procedure produces also a family of limit measures /x a , 
a > 0. Among limit fractals, we consider in particular the translation frac- 
tals, namely those for which the generating similarities of a given level have the 
same similarity parameter. It turns out that for translation fractals all the limit 
measures fi a coincide. 

For limit fractals we introduce spectral triples which generalise the one con- 
sidered by Connes in [2] for Cantor-like fractals, namely are based on an ap- 
proximation of the fractal with sequences of pairs of points. In the first spectral 
triple, the sequences consist of all descendants, via the generating similarities, 
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of one (or finitely many) ancestral pair. In the second triple, among the de- 
scendants of a single ancestor via the generating similarities, we consider all 
parent-child pairs. 

In both cases, when translation fractals are considered, we prove that the 
noncommutative Hausdorff dimension and tangential dimensions defined in [7] 
coincide with their classical counterparts computed in [9, 10]. Let us recall 
that the noncommutative tangential dimensions are the extreme points of the 
traceability interval, namely of the set of (singular) traceability exponents for 
the inverse modulus of the Dirac operator. Therefore any of these exponents 
gives rise to a singular trace r w which in turn defines a trace on the algebra A 
of the spectral triple, hence, by Riesz theorem, a measure on the fractal. For 
translation fractals all these measures coincide with the limit measure. In the 
case of the parent-child triple, an analogous result holds for any limit fractal, 
i.e. the measure coming from the traceability exponent a coincides with the 
limit measure \i a - As a consequence, the measure generated by a singular trace 
t u is well defined, namely does not depend on the generalised limit procedure 

UJ. 

Finally we study the distance on the fractal induced a la Connes by the spec- 
tral triple. In the case of the parent-child triple, the noncommutative distance 
is always equivalent to the Euclidean distance, namely they induce the same 
topology. Then we compare the noncommutative distance with the Euclidean 
geodesic distance, namely with the distance defined in terms of rectifiable curves 
contained in the fractal (when they exist). We prove that the identity map from 
the fractal endowed with the geodesic distance to the fractal endowed with the 
noncommutative distance is Lipschitz. As a consequence, when the Euclidean 
distance and the geodesic distance are bi-Lipschitz, this holds for the noncom- 
mutative distance too. 

1 Classical aspects 

We start this Section by recalling known results on self-similar fractals, then we 
introduce the class of limit fractals and their limit measures, and give some ex- 
amples. We then introduce an open set condition which allows us to characterise 
the limit measures on the fractal (Theorem 1.7), and to compute them in case 
of translation limit fractals, under a mild assumption (Theorem 1.8). Finally, 
we recall the notions of tangential dimensions for metric spaces and measures 
from [9, 10]. 

1.1 Preliminaries 

The general reference for this Subsection is [4] . 

Hausdorff measure and dimension. Let (X, p) be a metric space, and 
let h : [0, oo ) — > [0, oo) be non-decreasing and right-continuous, with h(0) = 
0. When E C X, define, for any 5 > 0, Ji%(E) := inf{X^i /i(diamAj) : 
U{Ai D E, diamAi < 5}. Then the Hausdorff-Besicovitch (outer) measure of E 
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is defined as 

X h (E) :=KmXUE). 

If h(t) — t a , l H a is called Hausdorff (outer) measure of order a > 0. 
The number 

d H (E) := sup{a > :K a {E) = +00} = inf{a > : W*{E) = 0} 
is called Hausdorff dimension of E. 

Selfsimilar fractals. Let {wj}j=i,...,p be contracting similarities of M. N , i.e. 
there are Xj £ (0,1) such that ||zi>j(x) — Wj(y)\\ = \j\\x — y\\, x,y £ R*. 
Denote by 3C(R N ) the family of all non-empty compact subsets of M. N , endowed 
with the Hausdorff metric, which turns it into a complete metric space. Then 
W : K £ 3C(R N ) -> if j=1 Wj{K) £ X(R N ) is a contraction. 

Definition 1.1. The unique non-empty compact subset F of 1* such that 

F = W(F)=(j Wj (F) 
3=1 

is called the self-similar fractal defined by {wj}j=i,..., p . 

If we denote by Proboc (Vi N ) the set of probability measures on with com- 
pact support endowed with the Hutchinson metric, i.e. d{ji, v) := sup{| j fd[i — 
J fdv\ : H/lliip < 1}, then the map 

T: Prob x (E. N ) -» Prob x (^ N ) 

is a contraction, where s > is the unique real number, called similarity di- 
mension, satisfying Y^ij=i = 1- We then observe that if fi has support K, 
then T/i has support W(K). Since the sequence W n (K) is convergent, it turns 
out that it is bounded, namely there exists a compact set Kq containing the 
supports of all the measures T n /x. But on the space Prob(Ko) the Hutchinson 
metric induces the weak* topology, and this space is compact in such topology, 
hence complete in the Hutchinson metric. Therefore there exists a fixed point 
of T in Pro&3c(R w ), which is of course unique. 

Open Set Condition. The similarities {wj}j=i,...,p are said to satisfy the 
open set condition if there is a non-empty bounded open set V C M. N such 
that W- =1 Wj(V) C V and w l {V) n Wj(V) = 0, i ^ j. In this case d H {F) = s, 
the similarity dimension, and the Hausdorff measure Jf s is non-trivial on F. 
Therefore { H s \f is the unique (up to a constant factor) Borel measure /x, with 
compact support, such that fi{A) — Y^j=i ^j^( w J C^))j f° r am/ B°rel subset A 
ofR N . 
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1.2 Limit fractals. 

Several generalisations of the class of self-similar fractals have been studied. 
Here we propose a new one, that we call the class of limit fractals. For its 
construction we need the following theorem. 

Theorem 1.2. Let (X,p) be a complete metric space, T n : X — > X be such that 
there are A„ G (0,1) for which p(T n x,T n y) < X n p(x,y), for x,y G X. Assume 
J2n=i A? < 00 > an d there is x G X such that sup„ 6N p(T n x, x) < oo. Then 

(i) snp neN p(T n y,y) < oo, for any y G X, 

(ii) lim n _>oo T\ o T2 o ■ ■ ■ o T n x = xo G X for any x G X . 

Proof, (i) p(T n y,y) < p(T n y,T n x) + p(T n x,x) + p(x,y) < (1 + X n )p(x,y) + 
p(T n x,x), so that sup„ eN p(T n y, y) < 2p(x,y) + sup„ eN p(T n x, x) < 00. 
(ii) Set M :— sup„ gN p(T n x, x) < 00, and S n ■= T\ o T2 o • • • o T„, n G 
N. As p(S n +ix, S n x) < A1A2 • • • \ n p(T n +ix, x) < MA1A2 • • • A„, there follows, 
for any p G N, p(S n+p x,S n x) < p(S n+p x,S n+v -ix) + . . . + p(S n+ ix, S n x) < 

^Efeir'n.tiAfc < Mj2z n uU x ^ °> as n ^ °°- that is is 

Cauchy in X. Therefore there is x G X such that 5„a; — > x . 

Let us prove that xq is independent of x. Indeed, if y G X , then p(S n x, S n y) < 

AiA 2 • • • X n p(x, y) — > 0, as n — > 00, so that 5* n x and 5„j/ have the same limit. □ 

Remark 1.3. A sufficient condition for E^Li A? < 00 to hold is 

supA„ < 1. 

riGN 

We now describe the class of limit fractals. Let {w n j}, n G N, j = 1, . . . ,p n , 
be contracting similarities of WL N , with contraction parameter X n j G (0, 1). Set, 
for any n G N, S n := {a : {1, . . . , n} -> N : er(fc) G {1, . . . ,p fc },A: = l,...,n}, 
S := UneNSn, Hoc := {er : N -> N : a(k) G {l,...,p fe },fc G N}, and write 
Wo ■= »ia(i) °w 2(T (2) o- • ■oti) M(n) , A CT := Ai <t (i)A 2ct ( 2 ) • • • A nCT („), for any c G S n . 
Assume A := sup„ • A n j < 1 and {w a (x) : a G S} is bounded, for some (hence 
any) x G R N . Then, by Theorem 1.2, the sequence of maps W n : K G 3C(M W ) ->■ 
U^iW^- (K) G 3C(M W ) is such that {WxoW 2 o- ■ -oW n (K)} has a limit in 1(1^), 
which is independent of K G X(R N ). 

Definition 1.4. The unique compact set F which is the limit of {W\ o W2 o • ■ ■ o 

M / T j(i ; ir)}„ 6 N is called the limit fractal defined by {w n j}. In the particular case 
that X n j = X n , j = 1, . . . ,p n , n G N, F is called a translation (limit) fractal. 

Example 1.5. As an example we mention some fractals considered in [11]. 
They are constructed as follows. At each step the sides of an equilateral triangle 
are divided in q G N equal parts, so as to obtain q 2 equal equilateral triangles, 
and then all downward pointing triangles are removed, so that 9( - <? ^~ 1 ^ triangles 
are left. The corresponding map W can therefore be described as the map 
which contracts the original triangle (or any of its subsets) by a factor 1/q, and 
then puts a copy of it in each of the upward pointing triangles. Setting qj = 2 
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if (k - l)(2k - 1) < j < (2k - l)k and q = 3 if k(2k - 1) < j < k(2k + 1), 
k = 1, 2, . . . , we get a translation fractal with dimensions given by (see Theorem 
1.14) 



S = 



log 3 
log 2 



< d = d = 



log 18 
log 6 



<5 



log 6 
log 3' 



where (5, S, d, d denote the lower tangential, the upper tangential, the lower local 
and the upper local dimensions. The first four steps (q = 2, 3, 3, 2) of the 
procedure above are shown in Figure 1. 
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Figure 1: Modified Sierpinski 



The procedure considered above can, of course, be applied also to other 
shapes. For example, at each step the sides of a square are divided in 2q + 1, 
q EN, equal parts, so as to obtain (2q + l) 2 equal squares, and then 2q(q + 1) 
squares are removed, so that to remain with a chessboard. In particular, we 
may set q 3 = 2 if k(2k + 1) < j < (2k + l)(k + 1) and q 3 = 1 if k(2k - 1) < j < 
k(2k + 1), k = 0, 1, 2, . . . , getting a translation fractal with dimensions given by 
(see Theorem 1.14) 

x lo § 5 ^ j ~7 log 65 - log 13 

^= 1 — 5 <d = d= — <5= -. 

log 3 log 15 log 5 

The first three steps (q = 1, 2, 1) of this procedure are shown in Figure 2. 
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Figure 2: Modified Vicsek 



As before, we may consider the action of the similarities on measures, besides 
that on sets. Given a > we set 

T n : Prob x (R N ) Proboc (R W ) 

and consider the sequence {T\ o T 2 o • • • o T n //} ne N. As before the supports of 
all such measures are contained in a common compact set, therefore Theorem 
1.2 applies and we get a unique limit measure fj, a , depending on the chosen a. 

As a consequence, if ^0 is a probability measure and a > 0, fj, n := T\ o T 2 
■ ■ ■ oT n no satisfies 

= J] cv^mo^ 1 ^)), (1.1) 

k|=n 

where 

C, a := Ag (1.2) 
In particular, if F is a translation (limit) fractal, 

' Va > 0, 



PlP2---P\a\ 

so that the limit measures /x Q all coincide, and will be denoted by /Un m . 
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1.3 Hausdorff dimension and limit measures 

Assumption 1.6. Open Set Condition: There is a bounded open set V such 
that w n i(V) C V for any n G N, i G {1, . . . ,p„} and w n ,iV Ciw n jV = if i ^ j. 
We also assume that V is regular, namely the Lebesgue measure of V is equal 
to the Lebesgue measure of its closure C and V is equal to the interior of C. 

OSC implies that w n iC c C for any n G N, i G {1, . . . ,p n } and 

S N+1 C = W x ■ ■ ■ W N ■ W N+1 C cJTi- WatC = S N C, 

namely Cn = SnC is a decreasing sequence of compact sets converging to F, 
nC N = F. Now set 

V a = w a V, 
C a = w a C, 

F a = w a C C\F = C a C\F. 

Then 

(i) 

(J F ff = (J w CT c nF = swc n f = c N n f = f, 

|ct|=jv |<t|=jv 

(m) if er > cr', namely a' is a truncation of a, then V CT C 
(Hi) if cr, <r' arc not ordered, V a (~l V^/ = 0. 

Moreover, in this case, C a n V^/ = 0. In fact, if x G C a D V a t , x G dV^, hence 
there is a sequence — > x, x n G V a , therefore x n is eventually in V a >, against 
the hypothesis. 

Theorem 1.7. Let F be a limit fractal satisfying OSC, with vol(V) = vol(C). 
T/ien i/ie limit measure n a is the unique probability measure satisfying the fol- 
lowing property: for any subset 3 of S„ 

<re3 

u>/iere we set Cj = U^gC^, Vj egtta/ to t/ie interior of Cj relative to C, and 
c CTiQ is defined in (1.2). 

Proof. Let \i n converging to /i a be as described in (1.1). Since [i a does not 
depend on the starting measure, we may set \xq as the normalized Lebesgue 
measure on V. Then fj, n eventually satisfies ^ n (V a ) = n n (C a ) — c CTiQ , therefore 
ji n converges as a sequence of functionals on the vector space generated by 
continuous functions and step functions constant on the Vg-'s, giving rise to a 
positive bounded functional jx on such space. 

Then /i a (Vj) may be defined as the supremum of J f dfi a with support of / 
contained in Vj , hence is majoriscd by fi(Vj) = X^o-eJ c a.a- The second inequality 
of (1.3) is proved analogously. Now we show that these inequalities determine fx a 
uniquely. Let \i be a probability measure satisfying (1.3). We observe that, for 



1 CLASSICAL ASPECTS 



8 



any continuous function /, J / dfi is well approximated by the lower Ricmann 
sums with step functions constant on the V^'s, as soon as \a\ is big enough, since 
di&m(V a ) < diam(V r )(A)l cr l. Let us now consider the set {min c „ / : cr G S„} 
and denote its elements by /i, . . . fk in increasing order. Then define 3j as the 
set of a G S„ such that min CCT / > fj , Cj as the union of the C a for a G3j, Vj 
as the interior of Cj. Then 

it fe / \ 

.h + J2(fi - fr-i^m < h + ^(/i - /i-i) E c -.« 

i=2 i=2 VcreJi / 

</i+E(/i-/-i)MQ< / 

i=2 ^ 

The second term may be rewritten as 

^ min/ c CTCe , 



therefore 



/ 



f d/i = lim N min / c„ 

n^oo ^— ' C„ 
<TGE„ 



hence there is only one probability measure satisfying (1.3). □ 

Let now Fbea translation fractal (A Hj i independent of i), and, to avoid triv- 
iality, assume p n > 2 for any n G N. The OSC condition implies vol(5 n _iC) = 
E?=i vol(«;„iS„-iC) = p„A^ vol(5 n _iC), so that 2A^ < 1, i.e. A„ < 2" 1 /". 
We set 

n n 

A n = U\ u P n = Y[pi. (1.4) 

Theorem 1.8. Let F be a translation fractal, with the notation above, and 
assume p := sup n p n < oo. Then 

^(F)=liminf-^-. 

n— oo logl/A„ 

Moreover the H aus dor ff measure corresponding to d := dn(F) is non trivial if 
and only if lim inf (log P n — dlogl/A„) is finite. 

Proof. Let us consider the family CP of finite coverings of F, the subfamily J'(E) 
of coverings made from sets of {C a : a G £}, and the subfamily CP'(S), whose 
coverings consist of C a , a G S, |ct| = const. If P G 3\ |P| denotes the maximum 
diameter of the sets in P. Clearly, for any a > 0, we have 

JC a (F) = lim inf V (diam £) Q < lim inf V(diamP) Q 

£^0|P|< £ ^ V ; - £ ^0 |P|< £ ^ y ' 

Pe rp EeP pej>(s) BeP 

< lim inf V(diam£;) a . 

_ £^0 |P|<£ 
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We shall show that the last two terms are indeed equal, and that the second 
term is majorised by a constant times the first, from which we derive 

Jf Q (F)xliminfP„A^, 

hence the required equality and the last statement. 

We may assume without restriction that the diameter of V is equal to one. 
Then set a := vo i°b(P 2 )) ' wnere v °l denotes the Lebesgue measure. Then the 
number of disjoint copies of V intersecting a ball of radius 1 is not greater than 
the number of disjoint copies of V contained in a ball of radius 2 which is in 
turn lower equal than a . 

As a consequence, for any x £ F, 

#{ ( tgS„: C a r\B F {x,K n )^$} <a-\ (1.5) 

For any e > 0, let P = U™ =1 Ei £ ?, diamE", = n < e. Let now x t £ E t , 
A„ 4+ i < n < A ni . 

Since the set I nt C S of multi-indices of length n, such that {J aeI C a D 
B(xi,A ni ) has cardinality majorised by a -1 , and any such C a contains at most 
p elements C a >, with \a'\ = rii + 1, then the set of multi-indices I ni +i C S of 
length rii + 1 such that Uere/„ +1 Co 3 Bp(xi, A„J has cardinality majorised by 
p/a. Therefore 

n 

U U c. 

is a covering of F of diameter less than e and 

n n n 

E E (diamar<Ef A "^!E^ ( L6 ) 



2—1 aGI ni + l 2—1 2—1 



As a consequence 

lim inf V(diamE) a < - lim inf V (diamE) Q = 

£^0 |P|<e a^0|P|< e ^— O 

Pe3>(£) AeP B€P 

Now, for any ri\ < no, let P be the optimal covering of F made of C CT 's, with 
n i < M 5: n 0i namely minimizing ^ CT(E p(diam C CT ) a , and choose C aa £ P with 
I Co I = n a- This means that there is a C a , \a\ = no — 1, which is optimally 
covered by some C^'s of diameter A no . Therefore this should be true for all 
other a of length no, namely the optimal covering is made of C CT 's of the same 
size. This shows the equality 

lim inf V (dianiE)" = lim inf V(diam£) Q 

e^O |p|< e e^O |P|< £ *-~> 

Per(s) EeP Pe3"(s) EeP 

hence concludes the proof. □ 
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Remark 1.9. Let F be a translation fractal, with the notation above, and assume 
p := sup„p„ < oo. Let G C F be closed. Then, with !P(S) denoting the family 
of finite coverings of G made from sets in {V a : a G E}, for any a > 



It is clear that if the F a 's with <r e E n are essentially disjoint w.r.t. n a , then 
Ma(-Pff) = c ff,a- Now we will discuss some conditions implying the vanishing of 
fi a on the intersections of the F a 's. 

Theorem 1.10. Let F be a translation fractal for which p := sup„p n < oo, G 

a closed subset of F s.t. dn{G) < dn{F). Then, /ii; m (G) = 0. 

,4s a consequence, if d#(w„iG fl w n jC (1 F) < dff(F), for any n, i ^ j, then 

Mlim(-Pcr) = ' 

Proof. Let a be s.t. dir(G) < a < dn{F), and e > 0. Then, from Theorem 1.8 
and the Remark following it, there is no G N, s.t. -P n A" > 1, for all n > no, 
and there is d G E s.t. | cr | > n , for all cr G 3, and ^ CT eJ — e ' an< ^ ^ * s 
contained in the interior of \J a ^,F a . By Urysohn's lemma, there is / G &(F), 
< / < 1, /(or) = 1, x G G, supp/ G U ae jF„. Then, with u fe as in (1.1), and 
/xo the normalised Lebesgue measure, 



1.4 Tangential dimensions 

Let (X, d) be a metric space, E C X. Let us denote by n(r,E) = n r (E), resp. 
n(r,E) = n r (E), the minimum number of open, resp. closed, balls of radius r 
necessary to cover E, and by u(r,E) = v r {E) the maximum number of disjoint 
open balls of E of radius r contained in E. 

Definition 1.11. [9] Let (X,d) be a metric space, E G X, x G E. We call 
upper, resp. lower tangential dimension of E at x the (possibly infinite) numbers 



IK Q (G)xlim inf V (diam 

e^O |P|< £ ^ 




The thesis follows. 



□ 



S E (x) 



lim sup lim sup 

A^0 r^0 



lim inf lim inf 

A^O r^O 



logn(Ar,S n B{x,r)) 
logl/A 
logn(Ar, E n £?(x, r) 



')) 



logl/A 
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Tangential dimensions are invariant under bi-Lipschitz maps, and satisfy 
properties which are characteristic of a dimension function. 

Let fi be a locally finite Borel measure, namely [i is finite on bounded sets. 
Let us recall that the local dimensions of a measure at x arc defined as 

d A1 (x)=hminf 1 ° g ^ (a; ' r)) , 
r-,0 logr 

^(x)=limsup l0g y (x ' r)) . 

Now we introduce tangential dimensions for \x. 

Definition 1.12. [10] The lower and upper tangential dimensions of fj, are 
defined as 

O.Ax) := hmml hmml £ 0, oo , 

' A^O r^O logl/A L J 

l 0g ( KB(x,r)) \ 

Onix) := hmsuphmsup — G 0, oo . 

a^o r^o logl/A 

Theorem 1.13. [10] Let /x be a locally finite Borel measure on X . Then the 
following holds. 

S^x) < d^x) < d„(x) < 5n(x). 

Tangential dimensions are invariant under bi-Lipschitz maps. 

Theorem 1.14. [10] Let F be a translation fractal with the notations above, 
A* = Miimj an d assume p := sup„p„ < oo. Then 

logP„ 





= d H (F) 


= lim inf - 


n— >oc It 






logP„ 


d^x) 


= lim sup 

n— >oo 


logl/A„' 


S F (x) 


= S p (x) = 


= lim inf — 

n, k — >oo 10'. 


5 F (x) 


= S fl (x) = 


- lim sup — 



log P n+k - log P n 



71, fc— >00 

logl/A n+fe - logl/A„' 



2 Noncommutative aspects 

2.1 Singular traces on the compact operators of a Hilbert 
space. 

In this section we recall the theory of singular traces on H (%) as it was developed 
by Dixmier [3], who first showed their existence, and then in [13], [1] and [5]. 
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A singular trace on 13 (J{) is a tracial weight vanishing on the finite rank 
projections. Any tracial weight is finite on an ideal contained in %(3~i) and may 
be decomposed as a sum of a singular trace and a multiple of the normal trace. 
Therefore the study of (non-normal) traces on 13 (J{) is the same as the study of 
singular traces. Moreover, making use of unitary invariance, a singular trace of 
a given operator should depend only on its eigenvalue asymptotics, namely, if A 
and B are positive compact operators on J£ and fi n (A) — fi n (B) + o(fi n (B)), fj, n 
denoting the n-th eigenvalue, then t(A) = t(B) for any singular trace r. The 
main problem about singular traces is therefore to detect which asymptotics 
may be "resummcd" by a suitable singular trace, that is to say, which operators 
are singularly traceable. 

In order to state the most general result in this respect we need some nota- 
tion. Let A be a compact operator. Then we denote by {(j, n (A)} the sequence of 
the eigenvalues of \A\, arranged in non- increasing order and counted with mul- 
tiplicity. We consider also the (integral) sequence {S n (A)} defined as follows: 



S n (A) 



\si(A):=Z n k=1 MA) Ai^ 
lSi(A):=£~ n+lWb (A) AGL\ 



where H 1 denotes the ideal of trace-class operators. We call a compact operator 
singularly traceable if there exists a singular trace which is finite non-zero on \A\. 
We observe that the domain of such singular trace should necessarily contain 
the ideal 3(A) generated by A. A compact operator is called eccentric if 

S2nM) , 1 (2 x) 



for a suitable subsequence rife. Then the following theorem holds. 

Theorem 2.1. [1] A positive compact operator A is singularly traceable if f it is 
eccentric. In this case there exists a sequence such that both condition (2.1) 
is satisfied and, for any generalised limit Lim w on l°° , the positive functional 



>(B) = 



' Lim "({feS}) BE%A) + 

^+oo B <£ 3(A), B > 0, 



is a singular trace whose domain is the ideal 3(A) generated by A. 

The best known eigenvalue asymptotics giving rise to a singular trace is 
^„ ~ i, which implies S n ~ logn. The corresponding logarithmic singular 
trace is generally called Dixmier trace. 

Definition 2.2. [7] If A is a compact operator, set /(f) = — log^(e*), f e M, 
where ha is the extension of fJ, n (A) to a piecewise constant right continuous 
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function on [0, oo). Then define 




lOgfc / V/i->00 t ^oo /l 



(5(A) := lim lim inf — - — " = lim lim inf 

fc^oo n—>oo logfc / y/i^oo t— >oo 

d(A) := fliminf^^y^fliminfM 

Y n^oo logl/n / \ t^oo t 

Moreover, we say that a > is an exponent of singular traceability for A if \A\ a 
is singularly traceable. 

Theorem 2.3. [7] Let A be a compact operator. Then, the set of singular trace- 
ability exponents of A is the relatively closed interval in (0, oo) whose endpoints 
are 5(A) and 5(A). In particular, if d(A) is finite nonzero, it is an exponent of 
singular traceability. 

Note that the interval of singular traceability may be (0, oo), as shown in [6]. 
In [8] the previous Theorem has been generalised to any semifinite factor, and 
some questions concerning the domain of a singular trace have been considered. 



2.2 Singular traces and spectral triples 

In this section we shall discuss some notions of dimension in noncommutative 
geometry in the spirit of Hausdorff-Besicovitch theory. 

As is known, the measure for a noncommutative manifold is defined via a 
singular trace applied to a suitable power of some geometric operator (e.g. the 
Dirac operator of the spectral triple of Alain Connes). Connes showed that such 
procedure recovers the usual volume in the case of compact Riemannian mani- 
folds, and more generally the Hausdorff measure in some interesting examples 
[2], Section IV.3. 

Let us recall that (A, "K, D) is called a spectral triple when A is an algebra 
acting on the Hilbert space "K, D is a self adjoint operator on the same Hilbert 
space such that [D, a] is bounded for any a € A, and D has compact resolvent. 
In the following we shall assume that is not an eigenvalue of D, the general 
case being recovered by replacing D with D\^ er r D \±. Such a triple is called d + - 
summable, d £ (0,oo), when \D\~ d belongs to the Macaev ideal £ 1,00 = {a : 



The noncommutative version of the integral on functions is given by the 
formula Tr UJ (a\D\~ d ), where Tr w is the Dixmier trace, i.e. a singular trace 
summing logarithmic divergences. By the arguments below, such integral can 
be non-trivial only if d is the Hausdorff dimension of the spectral triple, but even 
this choice does not guarantee non-triviality. However, if d is finite non-zero, 
we may always find a singular trace giving rise to a non-trivial integral. 
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Theorem 2.4. [7] Let (A,^K,D) be a spectral triple. If s is an exponent of 
singular traceability for |-D| _1 , namely there is a singular trace r which is non- 
trivial on the ideal generated by |-D| _S , then the functional a \— > r(a\D\~ s ) is a 
trace state (Hausdorff-Besicovitch functional) on the algebra A. 

Remark 2.5. When (A,!K,D) is associated to an n-dimensional compact mani- 
fold M, or to the fractal sets considered in [2], the singular trace is the Dixmier 
trace, and the associated functional corresponds to the Hausdorff measure. This 
fact, together with the previous theorem, motivates the following definition. 

Definition 2.6. [7] Let {A,"K,D) be a spectral triple, Tr w the Dixmier trace. 

(i) We call a-dimensional Hausdorff functional the map a \— ► Tr LU (a\D\~ a ); 

(ii) we call (Hausdorff) dimension of the spectral triple the number 

d(A, "K, D) = mi{d > : \D\- d £ = sup{d > : \D\- d iL 1 ' 00 }, 

where 00 = {a : -» 0}. 

{Hi) we call minimal, resp. maximal dimension of the spectral triple the quantity 
(5(|Z)| _1 ), resp. <5(|_D| _1 ), hence \D\ a is singularly traceable iff a G [S,6] (1 
(0,+oo). 

For any s between the minimal and the maximal dimension, we call the 
corresponding trace state on the algebra A a Hausdorff-Besicovitch functional 
on {A,"K,D). 

Theorem 2.7. [7] 

(*) d(A,H,D) =d(\D\- 1 ). 

{ii) d := d{A, Ji, D) is the unique exponent, if any, such that the d-dimensional 
Hausdorff functional is non-trivial. 

{Hi) If d € (0,oo) 7 it is an exponent of singular traceability. 

Let us observe that a singular trace, hence in particular the a-dimensional 
Hausdorff functional, depends on a generalized limit procedure w, however its 
value is uniquely determined on the operators a £ A such that a|-D| -d is mea- 
surable in the sense of Connes [2] . By an abuse of language we call measurable 
such operators. 

As in the commutative case, the dimension is the suprcmum of the a's 
such that the a-dimensional Hausdorff measure is everywhere infinite and the 
infimum of the a's such that the a-dimensional Hausdorff measure is identically 
zero. Concerning the non-triviality of the c?-dimensional Hausdorff functional, 
we have the same situation as in the classical case. Indeed, according to the 
previous result, a non-trivial Hausdorff functional is unique (on measurable 
operators) but does not necessarily exist. In fact, if the eigenvalue asymptotics 
of D is e.g. nlogn, the Hausdorff dimension is one, but the 1-dimensional 
Hausdorff measure gives the null functional. 
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However, if we consider all singular traces, not only the logarithmic ones, 
and the corresponding trace functional on A, as we said, there exists a non 
trivial trace functional associated with d(A, Ji,D) £ (0, oo), but d(A, Ji,D) is 
not characterized by this property. In fact this is true if and only if the minimal 
and the maximal dimension coincide. A sufficient condition is the following. 

Proposition 2.8. [7] Let (A, K, D) be a spectral triple with finite non-zero 
dimension d. If there exists lim ^ e (1, oo), d is the unique exponent of 

singular traceability of D^ 1 . 

2.3 A spectral triple for fractals 

In this Subsection we introduce a spectral triple on limit fractals, by extending 
an idea of Connes for Cantor-like fractals. We compute its various dimensions, 
and recognise the noncommutative Hausdorff functional as the one arising from 
the limit measure on the fractal. Little can we say on the metric defined by this 
spectral triple, so in the next Subsection we propose a different spectral triple. 

Let F be a limit fractal which satisfies OSC (se Assumption 1.6) with respect 
to the open set V, and let C be the closure of V. Choose two points x,y £ C, 
and denote with r their distance. Also, construct the sequences x a = w a x, 
y a = w a y, <t 6 S and note that 



Then let K be the t 2 space on the points x a , y a , and consider the natural 
representation of the Borcl functions on C as multiplication operators on the 
elements of K. Then let 



Now we consider the spectral triple (A, K, D) where K and D are defined 
as above, and A is the algebra of continuous functions on C such that [D, f] is 
bounded. 

Remark 2.9. We may generalise the construction of the spectral triple by consid- 
ering a finite number of ancestral pairs {xi, ?/,}, e.g., for a Sierpinski like fractal 
as in Figure 1, the pairs of extreme points of the three sides of the original 
triangle. 

Theorem 2.10. Let F be a limit fractal, (A,J-C,D) the spectral triple de- 
scribed above, a a singular traceability exponent for | -Z3> | 1 . Then the Hausdorff - 
Besicovitch functional coincides, via Riesz Theorem, with the limit measure [i a . 

Proof. Let us first assume that the ancestral pair {x, y} is contained in V. Then 
the proof can be done as in Proposition 2.15 and Theorem 2.16. 

Now take a generic pair {x',y'}, with \\x' — y'\\ — r' , and the correspond- 
ing spectral triple (A,!K, D'), where the Hilbert spaces are naturally identi- 
fied. While the family of eigenvalues (with multiplicity) of \D\~ 1 is given by 



x a - Va\\ = r a := r\ a . 
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{rX a : a G £}, each with multiplicity 2, the family of eigenvalues (with multi- 
plicity) of l-D'l -1 is given by {r'X^ : a e £}, each with multiplicity 2. Therefore 
the spectral triples have the same set of traceability exponents, and if a is one 
of them, r is a singular trace such that r(\D\~ a ) = 1, then T'(\D'\~ a ) = 1, with 

Now let / be a Lipschitz function on C, with Lipschitz constant L. f\D\ a 
is a multiplication operator, with eigenvalues (with multiplicity) 

Then 

f\D'\~ a = (j) f\D\- a + R : 
where R is a selfadjoint operator with eigenvalues (with multiplicity) 

{{r'TKUK) fM), (rTK(M) f{v*)) ■■<* e s}. 

Since (/(a^) — /( x o-)| < — av| = LX a \\x' — x\\, the operator \R\ can be 

majorised by a positive operator S with eigenvalues {IM(r') a A|J +1 : a E £}, 
each with multiplicity 2, where M = max(||x' — a;||, \\y' — y\\). Clearly the 
operator S is infinitesimal w.r.t. \D\~ a , hence 

r'(f\D'\- a ) = (jfrV\D\- a )+AR) = r{f\D\~ a ) = J f d^ a . 

Since Lipschitz functions are dense, we get the thesis. □ 

Remark 2.11. (i) When F is a translation fractal, and the Hausdorff dimension 
of the sets F a C\F a t is strictly lower than the Hausdorff dimension of F, |<r| = \a'\, 
then Theorem 1.10 applies, giving 

Mlim(^) = ^H- 

(i) Let us observe that for self-similar fractals, there is only one exponent of 
singular traceability, namely the similarity dimension s, and the corresponding 
limit measure coincides with "K s . 

Theorem 2.12. Let (A, D, !H) be the spectral triple associated with a translation 
fractal F where the similarities w n> i, i — 1, . . . ,p n have scaling parameter X n . 
Then the Hausdorff dimension is given by the formula 

a = hm sup ■ 



Ei !og 1/Afc ' 



Proof. The eigenvalues of \D\ 1 are given by r with multiplicity 2, rX\ with 
multiplicity 2p\, rX\X2 with multiplicity 2pip 2 , and so on. Therefore, with 
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pa := 1, A := 1, and A n , P n as in (1.4), 

Tr(\D\- a ) = 2r a jri[(p k \ k ) 

oo 



fc=0 i=0 
oo 

logP„-alogl/A„ 



e 

n=0 



Denote by d := ^liminf^oo lo ^ ^ . Then, if a > rf, we get 

. log 1/ A» a 
limmia- — — = — > 1 

n—>oo logP„ a 

which implies that, for any sufficiently small e > there is n e <E N such that, 
for all n > n s , 

logl/A„ 

1 - a- — < -e. 

logP„ 



Since P~ £ < 2~ ne , the series converges. Whereas, if a < d, as there is a 

log 1/A 
logP„ 



subsequence {rife} such that '"^ 1 ^ V " fc — > d \ we get 



log 1/A„ fc a 
1 - a- ► 1 - - > 

logP rifc d 

and the series diverges. Therefore d(A, D, J€) = d. □ 

Theorem 2.13. Let (A, !K, D) be the spectral triple associated with a translation 
fractal F, where the similarities w n ,i, i — 1, • • • ,p n have scaling parameter X n . 
Then 

En-\-k n 



5(A,H,D) = liminf -^-j- 

»■* E^logl/A, 

y n + fe iogp ? 

<5(A 5C, D) = lim sup 



Proof. The eigenvalues of |-D| _1 are the numbers rA^, each with multiplicity 
2P k . Therefore, the quantity ^(log l/fj,(e t+h ) — log l//u(e*)), may be rewritten 

as 

log l/A k - log 1/A 

log (Ej=0 ^ - **Pk) log (E™ ^ - O'mPm) 

for suitable constants $' k in [0, 1). 
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Let us observe that, since Pi >2, 

/ k \ y-*=_ p. 

log ^ Pj - ti k P k - log P k < log ^ ' " 



Pfc 




< log 2. 



Since the denominator goes to infinity, additive perturbations of the numerator 
and of the denominator by bounded sequences do not alter the limsup, resp. 
liminf, and the ratio above may be replaced by 

logl/A fc -logl/A 

logP fe -logP m 1 • ' 

Finally, since the denominator logP^ — logP m goes to infinity if and only if 
k — m — > oo, the thesis follows. □ 

Remark 2.14. As in Connes' book, we may introduce on F the metric defined 
by D, namely 

d(x,y) :=sup{|/( a; )-/(y)|:/Ge(P),||[A/]||<l}. 

However it is not true, in general, that i : (P, || • ||) — > (P, d) is a homeomorphism. 
For example, let P be the Sierpinski gasket, x, y G P being two vertices of the 
enveloping triangle. Then the metric d gives value +oo to any pair of points 
in P sitting on a line which is not parallel to the side x, y. Nevertheless, if 
we consider three ancestral pairs for P as in remark 2.9, we get the Euclidean 
geodesic distance in P (cf. Theorem 2.23). 

2.4 A different spectral triple 

In this final Subsection we construct a spectral triple on a large subclass of limit 
fractals. We recognise the noncommutative Hausdorff functionals as the ones 
arising from the limit measures, and compare the "noncommutative metric" with 
the Euclidean geodesic distance. In case of translation fractals, we compute the 
various dimensions associated to the spectral triple. 

Let P be a limit fractal satisfying OSC (see Assumption 1.6). Let x n i be 
the fixed point of w n i, and assume that the set W of all x n iS is not dense in V. 
Fix € V \ W, then there is c > s.t. \\x$ — x n i\\ > c, for all n, i, and 

diam(C) > \\xq - w ni x^\\ > \\x$ - x ni \\ - \\x ni - w ni X0\ 

= (1 - \ ni ) \\x $ -x ni || > (l-A)c. (2.4) 
Set x (j :— w a x®, and define 

Pkl+i | 

1 0, 



<>■■ ee 1 f{) 1 



aez i=i l|X,T Xa ^ 
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acting on 

Pkl+i 

cr£S i=l 

In the following we shall consider the spectral triple (A, Ji, D) with "K and 
D defined as above, and A consisting of continuous functions / on C, acting on 
"K as 

(/O^it^^'i) f{Xa-i)£,cr,i{x a .i), 

and for which [D, f] is bounded. 

2.4.1 Measures and dimensions 

For a > 0, a singular traceability exponent of |-D|~\ set 

J fdfM° a :=r{f\D\- a ) 

for any Borel function /, where t is a singular trace such that r(\D\~ a ) = 1. 

Proposition 2.15. With the above notation, /^(V^) = Ai°(C CT ) = c a . a , for any 
a e E. 

Proof. Let cr, <r' G S„, then 

||av P - sc CT -p-i| = \\wa-px® - Wv.p^XftW = X a \\w^ 1 w a . p x il - w~ 1 w rT . p . i x$\\. 

As w~ 1 w rT . p is independent of a, the operators \„ a Xv a an d A~, a xv , \D\~ a 

have the same eigenvalues (with multiplicity) up to finitely many. Therefore, 

l=r(|D|- a )= J2 r(XK,\D\- a )= ]T ^ T ( Xy J^|-), 
so that n° a (V a ) = T(xv„\D\- a ) = c a . a . Since Eaes„ c ^," = wc S et M° ( C °) = 

c aa . n 

The set function is not a-additive, however its restriction to continuous 
functions gives rise to the Hausdorff-Besicovitch functional on C(F) = A. The 
following holds: 

Theorem 2.16. Let a be a traceability exponent. Then the measure associated 
with the Hausdorff-Besicovitch functional via the Riesz Theorem, coincides with 
the limit measure fi a . In particular it does not depend either on x$ or on the 
generalised limit. 
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Proof. Let us show that the regularization [i a of \P a satisfies the inequalities 
(1.3). Indeed 

ji a (Vo) < ^(v,) <Y.^{c a ) = E c -.«- 

<rea o& 

Moreover, 

/UOj) > > 5>°(Kr) = E c -.- 

<re3 <re3 

Then, by the uniqueness proved in Theorem 1.7, 7J a coincides with [i a . □ 

Theorem 2.17. Let (A, D, !K) be the spectral triple associated with a translation 
fractal F, where the similarities w n .i, i = 1, . . . ,p n have scaling parameter X n , 
and swp n p n < +oo. Then 

d(A, \K, D) = km sup 



Ei logl/A fe 
8(A,X,D)= lim inf ^ J = n ° m . 

ETi+fc i 



<J(yi,5C,£>) = lim sup 

Proof. The eigenvalues of |-D| _1 are the numbers A^ := Afc||x0 — Wfc+i^a^H, 
each with multiplicity 2P&. It follows from (2.4) that there are < a < C2 s.t. 
ciAfc < Afe ; j < c 2 Afe, for all fc G N. Therefore 

Pk+i 

Tr{\D\- a ) = E P * E *M - E P * A £' 

feGN i=l fe 

and the first equality follows as in Theorem 2.12. As for the others, the same 
computation in the proof of Theorem 2.13 can be performed. □ 

From Theorems 1.14, 2.17 we get 

Corollary 2.18. Let F be a translation (limit) fractal, [i its limit measure, 
(A, "K, D) its associated spectral triple. Then, for any x <E F, 

d{A,H,D) = d li {x), 
5(A,X,D) = S fl (x), 
5(A,X,D)=S fl {x). 

2.4.2 Metrics 

Let us now introduce on F the metric defined by D as in Conncs' book, namely 
d(x,y) := sup{|/(aO - f(y)\ : / G 6(C), ||[A/]|| < !}• 
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Lemma 2.19. \\x — y\\ < d(x, y), for all x,y £ F. 

Proof. Let / be a Lipschitz function on C with Lipschitz constant < 1. Then 
|| [D,f] || < 1, therefore \\x-y \\ <d(x,y). □ 

Let us observe first that this distance and the Euclidean distance induce the 
same topology. 

Lemma 2.20. (i) Let a £ £„, x £ F a . Then d(x,x a ) < di ^ m (_ c ) \ a , 

(ii) Let a, a' £ E„ be s.t. F a V\F a , ^ 0. Then d(x a , x a > ) < di ^- C) (A a + A CT /). 

Proof, (i). There is p <E Soo s.t. a; = x p and the n-th truncation p n of p is equal 
to cr, i.e., /o"(i) = er(i), i = 1, . . . ,n. Then 

oo 

d(a;, a; CT ) < d(x p k, x p k+i) 

k=\cr\ 



< Y \ pkd mm(C)<^B\ a . 

fc=H 



diam(C) , 
1-X 1 

Act' ) • □ 



(ii) Let a; e F CT n Then c^av, x a >) < d(x,x a ) + d(x,x a >) < '^ m L ' (\ a 



Theorem 2.21. Let F be a limit fractal. Then l : (F,\\ ■ ||) — > (F, d) is a 
homeomorphism. 

Proof. Assume u is discontinuous in x £ F, so that there are c > 0, {x n } C F 
s.t. ||a;„ — x\\ — > 0, and cZ(x„,x) > c, n £ N. From Lemma 2.20 we obtain 
k £ N s.t., for <t e Efe, we have diam^) < |. As U (TeSfc ^ 1 cr = F, there is 
a £ Efe s.t. A := {n 6 N : x n £ F a } is infinite, hence x £ F a . Therefore 
c < d(x n ,x) < dia,m(F a ) < |, which is absurd. □ 

The map i is not bi-Lipschitz in general. This is true however when the 
Euclidean distance and the Euclidean geodesic distance in F are bi-Lipschitz. 

Lemma 2.22. Let A C be a bounded open set, p > 1. Then there are k £ N, 
c> 0, such that, given similarities <pi,.. .,ifk such that (pi{A)C\ipj{A) = %, i ^ j, 
with similarity parameters Ai < • • • < Afe satisfying < p\i, and a rectifiable 
curve 7 such that 7 fl <Pi(A) ^ 0, Vi = 1, . . . , k, we have £(7) > cAi. 

Proof. Possibly rescaling, it is not restrictive to assume that Ai = 1. Let k £ N 
be s.t. the infimum length of a rectifiable curve intersecting the closure of 
k dilated copies of A with disjoint interior is 0. Then, for any n £ N, we 
get sequences of dilations ipi n , . . . , tpkn such that ipin(A) n ipj n (A) = 0, and a 
rectifiable curve 7„ with i^n) < \ such that 7 n <p% n (A) ^ 0, i = l,...,k, 
n £ N. Clearly it is not restrictive to assume that all curves ~y n start from the 
same point x , which implies that all the curves and copies of A are contained 
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in some compact set. By the assumptions above, all dilations lie in a compact 
set. Hence, possibly passing to a subsequence, we may assume that, for any 
i = 1, . . . k, cp in converges to a dilation ipi of M. N and -f n — > 7 in the Hausdorff 
topology. Let us remark that in this way Ai n — > Ai in the Hausdorff topology, 
where Ai := <Pi(A), A in := ip in {A), i = 1, . . . , k, n e N. As diam(7) = 0, 7 
consists of a single point, indeed the point xq. Moreover 7 n Ai ^ 0, for alii, 
i.e. x G n 2 fe =1 3~. 

We claim that Ai, . . . ,Ak are disjoint. By contradiction, assume that Ai n A, 
is not empty, namely that there exist points Xi,Xj G A with (fi(xi) = tpj(xj), 
and let r > be s.t. B(xi,r), B(xj ,r) C A. Since the t/Vs are dilations, this 
implies that B(ipi(xi),r) C Aj, and the same for j. We have that y>i n {xi) and 
(fjn(xj) converge to the same point, hence, for a sufficiently large n, \\<fiin{xi) — 
ipj n (xj)\\ < r, so that Ai n n A,-„ 7^ 0, which is absurd. 
Since x & fl^ =1 Aj, so that C B(xo, pdiam(A)), we obtain 

fc 

w Jv p JV (diam(A)) jv = vol(5(a;o, pdiam(A))) > ^vol(^) > kvo\(A), 

i=l 

with cjat the volume of the unit ball in M. N . Therefore, if we take the con- 
stant k greater than UJNp ^™^^ , the infimum length of a rectifiable curve 
intersecting k dilated copies of A with disjoint interior cannot be 0. □ 

Theorem 2.23. Let F be a limit fractal in l", d geo the Euclidean geodesic 
distance in F, namely the distance defined in terms of rectifiable curves con- 
tained in the fractal (when they exist). Assume A := inf n> j A n , > 0. Then there 
is c > 1 s.t. \\x - y\\ < d(x, y) < cd geo (x, y), x,y e F. 

Proof. The first inequality was proved above, let us prove the second. For any 
e > 0, consider the set S(e) consisting of the multi-indices a such that X a < e 
but A CT n-i > e, where n = \a\ and a k denotes the fc-th truncation of a (as 
in the proof of Lemma 2.20). Then \ a = A njCT („) X a n-i > As. It is clear that 
U CTe s( £ )^a = F, and V„ n V a < = if a ^ a' arc in S(e). 

Now let x,?/ e F, e > 0. Choose a rectifiable curve 7 in F connecting x and 
y, with l(pf) < 2d geo (x,y), and let cti, . . . o~k be the elements of S(e) such that 
C<Ti H 7 ^ 0, ordered in such a way that x € C ai , y E C ak , and C„ i PI 7^ 0, 

i = 1, . . . , k — 1. 
By Lemma 2.20 we get 

fe-i 

d(x, y) < x ai ) + ^ <i(a; CTi , j; ffi+1 ) + cZ(x CTfc , y) 

i=l 

2 diam(C) >X 2 diam(C)fce 

= — / A CTj < = . 

" 1 - A f-f " 1 - A 



Let us notice that fc — > 00, when e — > 0. 
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Now let ky € N, cy > be the constants associated to V and to 1/A in 
Lemma 2.22. Then 

£(j) > [k/k v ]c v Xe 

~ 2diam(C) k d[X ' V) - 

Passing to the limit for e — > 0, we get d(x,y) < 4 ^ v d gco (x,y), i.e. the 
thesis. □ 

Remark 2.24. For many fractals, as Sierpinski gasket and carpet, Vicsek, Lind- 
strom snowfiake etc., d geo and the Euclidean distance are biLipschitz, hence also 
d and the Euclidean distance are. 
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